Introduction {#Sec1}
============

Quantum coherence is a fundamental feature of quantum mechanics. As one of the most crucial physical resources, it plays a primary role in quantum information processing^[@CR1]--[@CR3]^, computational task^[@CR4],\ [@CR5]^, quantum metrology^[@CR6],\ [@CR7]^, thermodynamics^[@CR8]--[@CR10]^, and quantum biology^[@CR11],\ [@CR12]^. The theory of coherence as a resource was first set forth in ref. [@CR13], where the authors introduced a rigorous framework for the quantification of coherence and identified the computable measures of coherence. From resource-driven viewpoint, there is a growing number of work studying coherence including different coherence measures^[@CR14]--[@CR18]^, the properties of coherence^[@CR19],\ [@CR20]^, the freezing phenomenon of coherence^[@CR21],\ [@CR22]^, the relation among coherence, entanglement and quantum correlation^[@CR23]--[@CR25]^, and so on refs [@CR26], [@CR27].

Despite coherence derives from the superposition of states, the coherence of a superposition state cannot be directly deduced from the coherence of the individual states being superposed. We illustrate it with the following examples: given a state$$\documentclass[12pt]{minimal}
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                \begin{document}$$|{{\rm{\Omega }}}_{1}\rangle =\frac{{\rm{1}}}{\sqrt{{\rm{2}}}}(|0\rangle +|1\rangle ),$$\end{document}$$it is obvious that the coherence of \|0〉, \|1〉 is 0, while the coherence of \|Ω~1~〉 reaches maximum value. Here, we consider coherence in the computational basis. In the following, we show an opposite example. Given a state$$\documentclass[12pt]{minimal}
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                \begin{document}$$|\pm \rangle =(|0\rangle \pm |1\rangle )/\sqrt{2}$$\end{document}$. Interestingly, under computational basis the coherence of \|+〉, \|−〉 reaches maximum value while the coherence of their superposition \|Ω~2~〉 is 0.

Our concern here is that: given an arbitrary state \|Ω〉 and its arbitrary decomposition$$\documentclass[12pt]{minimal}
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                \begin{document}$$|{\rm{\Omega }}\rangle =\alpha |{\rm{\Phi }}\rangle +\beta |{\rm{\Psi }}\rangle ,$$\end{document}$$what is the relation between the coherence of \|Ω〉 and the coherence of \|Φ〉 and \|Ψ〉? Because of the importance of coherence in quantum physics and superposition for coherence, the solutions for this problem will provide a theoretical foundation for potential applications of quantum resource and quantum information processing.

Similar problem has been studied in the field of entanglement. In 2006, Linden *et al*. firstly studied the relation between the entanglement of \|Ω〉 and the entanglement of \|Φ〉 and \|Ψ〉^[@CR28]^, in which they gave the upper bounds on the entanglement of the superposition state in terms of the entanglement of the states being superposed using von Neumann entropy of the reduced state as a measure of entanglement. Thereafter, there are some related works. Ref. [@CR29] gave a tighter upper bound on the same question and also gave a lower bound. Refs [@CR30], [@CR31] studied the same problem considering concurrence (another measure of entanglement) and gave the corresponding upper and lower bound. However, this problem is still open in the field of coherence where only two specific cases have been discussed^[@CR32],\ [@CR33]^.

In this work, we analyze the relation between the coherence of \|Ω〉 and the coherence of its decomposition. We systematically study this problem considering three kinds of coherence measure, and give the corresponding tight upper and lower bounds. Our results can be used for estimating the coherence range of the superposition state. For example, given the coherence of two states, we do not even need to know what the state is, we can estimate the range of the coherence resource we can get from their superposition state. In addition, armed with these relationships on coherence of superpositions, we can easily monitor the coherence change in the quantum information processing, such as coherence distillation. Coherence is likewise a measure of information carrying ability. The more coherence, the more information can be carried in the states.

In our work, we focus on orthogonal version of problem (i.e. \|Φ〉 and \|Ψ〉 are orthogonal states). We can get the non-orthogonal version of the problem easily by the following decomposition,$$\documentclass[12pt]{minimal}
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                \begin{document}$$|{\rm{\Omega }}\rangle =\alpha |{\rm{\Phi }}\rangle +\beta |{\rm{\Psi }}\rangle =\alpha |{\rm{\Phi }}\rangle +\beta (\gamma |{\rm{\Phi }}\rangle +\sqrt{1-\gamma }|{{\rm{\Phi }}}^{\perp }\rangle ),$$\end{document}$$where \|Φ〉 and \|Φ^⊥^〉 are orthogonal states.

Results {#Sec2}
=======

Relative entropy of coherence {#Sec3}
-----------------------------

A well-defined and frequently used coherence measure is the relative entropy of coherence, which is proposed and studied in ref. [@CR13]. With a particular entropic formula, the relative entropy of coherence has some clear physical meanings, such as it is equal to the optimal distillation rate for standard coherence distillation^[@CR34]^, and can also be interpreted as the minimal amount of noise required for fully decohering the state^[@CR27],\ [@CR35]^. In this section, we study the relationship between the coherence of two orthogonal states and the coherence of its decomposition using the relative entropy of coherence.
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**Theorem 1**. *Given two orthogonal states* \|Φ〉, \|Ψ〉, *and two complex number α*, *β satisfying* $\documentclass[12pt]{minimal}
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                \begin{document}$${h}_{2}(x)\equiv -x\,\mathrm{log}\,x-(1-x)\,\mathrm{log}\,\mathrm{(1}-x)$$\end{document}$, *and n is the dimension of Hilbert space*.

*Remark* 1: The result in ref. [@CR32] is the case with *p* = \|*α*\|^2^ in Theorem 1.

*Remark* 2: We give an example to show the upper bound in Theorem 1 is tight in some cases.

*Example* 1: Consider the following case:$$\documentclass[12pt]{minimal}
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In this case, we can see that the upper bound in Theorem 1 is tight. Considering *p* = \|*α*\|^2^, the first bound in Eq. ([7](#Equ7){ref-type=""}) equals to $\documentclass[12pt]{minimal}
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                \begin{document}$${|\alpha |}^{2}{C}_{re}({\rm{\Phi }})+{|\beta |}^{2}{C}_{re}({\rm{\Psi }})+{h}_{2}({|\alpha |}^{2})$$\end{document}$ converges to 2 when *n* is infinite as shown in Eq. ([9](#Equ9){ref-type=""}).$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathop{\mathrm{lim}}\limits_{n\to \infty }\frac{{C}_{re}({\rm{\Omega }})}{2[{|\alpha |}^{2}{C}_{re}({\rm{\Phi }})+{|\beta |}^{2}{C}_{re}({\rm{\Psi }})+{h}_{2}({|\alpha |}^{2})]}=1.$$\end{document}$$

We give numerical simulations for the upper bound in Theorem 1 and the exact coherence of \|Ω〉 in different dimensions by choosing two random orthogonal states \|Φ〉 and \|Ψ〉 as shown in Fig. [1](#Fig1){ref-type="fig"}. The sub-figures (a--d) represent the comparison in different dimensions (2, 5, 7, 15 respectively). Let \|Φ〉 and \|Ψ〉 are chosen randomly as following: (a) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\rm{\Phi }}\rangle =0.9863|0\rangle -0.1650|1\rangle $$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\rm{\Psi }}\rangle =0.1650|0\rangle +0.9863|1\rangle $$\end{document}$; (b) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\rm{\Phi }}\rangle =0.6252|0\rangle -0.4357|1\rangle $$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-0.1846|2\rangle -0.5545|3\rangle +0.2788|4\rangle $$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\rm{\Psi }}\rangle =0.2079|0\rangle +0.1082|1\rangle $$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$+0.9322|2\rangle -0.0226|3\rangle +0.2750|4\rangle $$\end{document}$; (c) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\rm{\Phi }}\rangle =-0.2503|0\rangle +0.1711|1\rangle +0.2273|2\rangle +0.6442|3\rangle $$\end{document}$ + $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0.2732|4\rangle +0.5262|5\rangle +0.2998|6\rangle $$\end{document}$,and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\rm{\Psi }}\rangle =0.9139|0\rangle +0.0736|1\rangle +0.2927|2\rangle $$\end{document}$ + $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0.0612|3\rangle -0.0641|4\rangle +0.2555|5\rangle -0.0224|6\rangle $$\end{document}$; (d) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\rm{\Phi }}\rangle =0.3266|0\rangle $$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$+0.1666|1\rangle -0.1765|2\rangle +0.2515|3\rangle $$\end{document}$ + $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0.4549|4\rangle +0.1634|5\rangle -0.2075|6\rangle -0.2327|7\rangle +0.0535|8\rangle $$\end{document}$  − $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0.1524|9\rangle $$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-0.4818|10\rangle +0.1975|11\rangle $$\end{document}$ + $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0.0855|12\rangle -0.2922|13\rangle -0.2244|14\rangle $$\end{document}$, and$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\rm{\Psi }}\rangle =0.1829|0\rangle +0.4304|1\rangle +0.0664|2\rangle +$$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0.0460|3\rangle +0.1304|4\rangle $$\end{document}$ + $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0.3446|5\rangle +0.0927|6\rangle +0.0213|7\rangle +0.1006|8\rangle +0.4598|9\rangle $$\end{document}$ + $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0.0060|10\rangle +0.0322|11\rangle $$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$+0.3234|12\rangle +0.2864|13\rangle +0.4698|14\rangle $$\end{document}$.Figure 1The upper bounds on coherence of the superpositions for dimension = 2, 5, 7, 15, with \|Φ〉 and \|Ψ〉 as defined in the text. The black dotted line is the exact value of *C* ~*re*~(Ω); the red solid one is the upper bound in Theorem 1. Note that both *α* and *β* are chosen to be positive numbers here.

The black dotted line is the exact coherence of superposition state \|Ω〉, the red solid one is the upper bound in Theorem 1. Note that *α* and *β* we chose are both positive numbers. From this figure, we can see that given the state \|Φ〉 and \|Ψ〉, the upper bound in Theorem 1 depends on the parameter *α*. Parallelly, given the value of *α*, the coherence of states \|Φ〉 and \|Ψ〉 also affects upper bound in Theorem 1.

Now, we move to analyze the lower bounds. By constructing a special state and measuring it with an incoherent operation, we can get the lower bound for coherence of superpositions considering relative entropy of coherence as stated in following theorem. Its detailed proof is in Methods.
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*l*~1~ norm coherence {#Sec4}
---------------------

Another measure of coherence, *l* ~1~ norm, is defined with the off-diagonal elements of the considered quantum state. This definition is intuitive for the measure of coherence and satisfies the necessary properties presented in ref. [@CR13].
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**Theorem 3**. *Given two orthogonal states* \|Φ〉, \|Ψ〉, *and two complex number α*, *β satisfying* $\documentclass[12pt]{minimal}
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*Remark* 3: An interesting symmetric inequality can be deduced from the second line in Eq. ([14](#Equ15){ref-type=""}) as follows:$$\documentclass[12pt]{minimal}
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*Remark* 4: Here, we want to emphasize that in Theorem 3 the dimension *n* is an arbitrary positive integer and our result covers the two dimension case mentioned in ref. [@CR33].
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Next, we focus on discussing lower bound. Through using the absolute value inequality, we can obtain the lower bound for *l* ~1~ norm of coherence of superpositions as illustrated in the following theorem. Its proof can be found in Methods.

**Theorem 4**. *Given two orthogonal states* \|Φ〉, \|Ψ〉, *and two complex number α*, *β satisfying* $\documentclass[12pt]{minimal}
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*Remark* 5: An interesting symmetric inequality can be deduced from the second line in Eq. ([16](#Equ17){ref-type=""}) as follows:$$\documentclass[12pt]{minimal}
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The only difference between the first line and second line in Eq. ([16](#Equ17){ref-type=""}) is also in the last term, which are −2\|*αβ*\| (*n* − 1) and −$\documentclass[12pt]{minimal}
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                \begin{document}$$2|\alpha \beta |\sqrt{({C}_{{l}_{1}}({\rm{\Phi }})+1)({C}_{{l}_{1}}({\rm{\Psi }})+1)}$$\end{document}$ respectively. This comparison is dimension dependent as shown in Fig. [2](#Fig2){ref-type="fig"}. Note that since a measure of coherence is nonnegative, we compare the expressions in Eq. ([16](#Equ17){ref-type=""}) and choose the maximum value as the lower bound.

Robustness of coherence {#Sec5}
-----------------------

As a quantifier of the advantage enabled by a quantum state in phase discrimination task, the robustness of coherence is defined and proved to be a full measure for the framework proposed in ref. [@CR13]. Robustness of coherence is shown to be an observable related to the notion of coherence witness^[@CR17],\ [@CR18]^. Given a fixed basis $\documentclass[12pt]{minimal}
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                \begin{document}$${C}_{R}(\varphi )={C}_{{l}_{1}}(\varphi \mathrm{).}$$\end{document}$$From this equation, we can see the equivalence between robustness of coherence and *l* ~1~ norm of coherence for pure states. The bounds are same as in Theorem 3 and Theorem 4.

Coherence of superpositions for two states from orthogonal subspaces {#Sec6}
--------------------------------------------------------------------

Quantum states from orthogonal subspaces play an important role in quantum information and coding^[@CR36]^. Here we consider the bounds for this special case. That is, the decomposition states (\|Φ〉 and \|Ψ〉) come from orthogonal subspaces.
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                \begin{document}$${C}_{{l}_{1}}({\rm{\Omega }})\ge {|\alpha |}^{2}{C}_{{l}_{1}}({\rm{\Phi }})+{|\beta |}^{2}{C}_{{l}_{1}}({\rm{\Psi }})+2|\alpha \beta |.$$\end{document}$$For the superposition of two states from two orthogonal subspaces, the relative entropy coherence is the sum of three terms: the average of the coherence of two states being superposed, the binary entropy of probability \|*α*\|^2^. Instead of bounds, this is an accurate expression as shown in Eq. ([20](#Equ25){ref-type=""}). The maximum increase for coherence is bounded as following:$$\documentclass[12pt]{minimal}
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Discussion {#Sec7}
==========

Using the relative entropy of coherence, *l* ~1~ norm of coherence and robustness of coherence, we give the upper and lower bounds for coherence of the superposition. Bounds for coherence of superpositions of multiple terms can be easily found by generalizing our methods.

Superposition is the root of both coherence and entanglement. Coherence is a property of an arbitrary quantum state, while entanglement is a property of a bipartite or multipartite state. In this sense, it is straightforward to understand that coherence is a more general quantum property than entanglement^[@CR20]^. Entanglement of the superposition is closely linked to the entanglement of these two superposed states^[@CR28],\ [@CR29],\ [@CR31]^. In this work, we have shown that the coherence of the superposition is intimately related to the coherence of these two superposed states. However, it is still unclear that the difference between entanglement of superpositions and coherence of superpositions. As shown in Tables [1](#Tab1){ref-type="table"} and [2](#Tab2){ref-type="table"}, there exist strong similarities between coherence and entanglement for the analogy problem.Table 1Comparison between bounds on partial entropy of entanglement and relative entropy coherence for the superposition of two orthogonal states (Here $\documentclass[12pt]{minimal}
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From the expressions in Table [2](#Tab2){ref-type="table"}, we can see that the upper bound and lower bound for coherence are symmetric about the statistical average coherence of the two superposed orthogonal states, which is defined as $\documentclass[12pt]{minimal}
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                \begin{document}$${|\alpha |}^{2}{E}_{C}({\rm{\Phi }})+{|\beta |}^{2}{E}_{C}({\rm{\Psi }})$$\end{document}$, and the green line as shown in Fig. [2(b)](#Fig2){ref-type="fig"}. Here, we consider the case where our lower bound is valid, i.e. positive. In the following, we give an intuitive comparison between coherence and entanglement for Table [2](#Tab2){ref-type="table"} by taking a simple example. We focus on fluctuating ranges of *l* ~1~ norm coherence and concurrence for the superposition of two orthogonal states. Here in order to make the discussion meaningful we consider the superposition of two bipartite orthogonal states.

*Example* 2: Let \|Ψ〉 and \|Φ〉 be two orthogonal states, defined by$$\documentclass[12pt]{minimal}
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                \begin{document}$$|{\rm{\Psi }}\rangle =\frac{|00\rangle +|11\rangle }{\sqrt{2}}\,{\rm{and}}\,|{\rm{\Phi }}\rangle =\frac{|00\rangle +\sqrt{2}|01\rangle +|10\rangle -|11\rangle }{\sqrt{5}}.$$\end{document}$$Their coherence and entanglement are depicted in Fig. [3](#Fig3){ref-type="fig"}. Evidently, the fluctuation of coherence is smoother than entanglement. The trend of change for coherence and entanglement with respect to the parameter \|*α*\|^2^ is not positive correlated with each other. Furthermore, there are two inflections points in the change of exact value of coherence while only one for entanglement considering the change of \|*α*\|^2^ in the case of example 2. Also in this example we can see that when entanglement of the superposition state disappears, the coherence still exists. From these observations, we can see that coherence is a kind of resource easier accessed compared with entanglement.Figure 3Bounds for *l* ~1~ coherence (**a**) and concurrence (**b**) of the two states in Eq. ([24](#Equ25){ref-type=""}). In sub-figure (**a**), the black dotted line is the actual values of *l* ~1~ coherence, the blue dashed line is upper bound on *l* ~1~ coherence, the red solid line is lower bound on *l* ~1~ coherence, and the green line represents the statistical average coherence of the superposed states, $\documentclass[12pt]{minimal}
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In some information processing tasks, such as coherence distillation, we are more concerned with the coherence of the state, rather than the state itself. When we only know the coherence value of \|Φ〉 and \|Ψ〉, and do not know what the specific state is, we can use our results to estimate the upper and lower bound of the superposition, then we can know that the least amount and the most amount of coherence we can distill from the superposition state.

Another interesting and challenging problem related to our work is the effects of superposition on the coherence of superposition of mixed states, which can be used to analyze the effects of de-coherence resulted from the interactions with environment.

Methods {#Sec8}
=======

Proof of the Theorem 1 {#Sec9}
----------------------
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We can get the following inequality from lemma 1 and 2$$\documentclass[12pt]{minimal}
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Proof of the Theorem 2 {#Sec10}
----------------------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\rm{\Omega }}\rangle =\alpha |{\rm{\Phi }}\rangle +\beta |{\rm{\Psi }}\rangle $$\end{document}$. Through measuring the state $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${|\chi ^{\prime} \rangle }^{SA}=\sqrt{p}{|{\rm{\Omega }}\rangle }^{S}{|0\rangle }^{A}+\sqrt{1-p}{|{\rm{\Psi }}\rangle }^{S}{|1\rangle }^{A}$$\end{document}$, where we used an ancillary system A. The coherence of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\chi ^{\prime} \rangle $$\end{document}$ can be expressed as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p{C}_{re}({\rm{\Omega }})+\mathrm{(1}-p){C}_{re}({\rm{\Psi }})+{h}_{2}(p)$$\end{document}$. We measure ancillary system A with Kraus operators $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{|0\rangle (\cos \,\theta {e}^{i{\omega }_{1}}\langle 0|+\,\sin \,\theta {e}^{i{\omega }_{2}}\langle 1|)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|1\rangle (-\,\sin \,\theta {e}^{-i{\omega }_{2}}\langle 0|+\,\cos \,\theta {e}^{-i{\omega }_{1}}\langle 1|)\}$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta =|\beta |{e}^{i({\omega }_{2}-{\omega }_{1})}$$\end{document}$. With probability $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t={\Vert \sqrt{p}\cos \theta {e}^{i{\omega }_{1}}|{\rm{\Omega }}\rangle +\sqrt{1-p}\sin \theta {e}^{i{\omega }_{2}}|{\rm{\Psi }}\rangle \Vert }^{2}$$\end{document}$ the state becomes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{{\rm{\Gamma }}}_{1}\rangle |0\rangle =(\sqrt{\frac{p}{t}}\,\cos \,\theta {e}^{i{\omega }_{1}}|{\rm{\Omega }}\rangle +\sqrt{\frac{1-p}{t}}\,\sin \,\theta {e}^{i{\omega }_{2}}|{\rm{\Psi }}\rangle )|0\rangle $$\end{document}$ and with probability 1 − *t* the state becomes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{{\rm{\Gamma }}}_{2}\rangle |1\rangle =(-\sqrt{\frac{p}{1-t}}\,\sin \,\theta {e}^{-i{\omega }_{2}}|{\rm{\Omega }}\rangle +\sqrt{\frac{1-p}{1-t}}\,\cos \,\theta {e}^{-i{\omega }_{1}}|{\rm{\Psi }}\rangle )|1\rangle $$\end{document}$. This measurement is an incoherent operation and *C* ~*re*~ is a coherence monotone^[@CR13]^, we can get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t{C}_{re}({{\rm{\Gamma }}}_{1})+\mathrm{(1}-t){C}_{re}({{\rm{\Gamma }}}_{2})\le p{C}_{re}({\rm{\Omega }})+\mathrm{(1}-p){C}_{re}({\rm{\Psi }})+{h}_{2}(p\mathrm{).}$$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${C}_{re}({{\rm{\Gamma }}}_{2})\ge 0$$\end{document}$, we can obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${C}_{re}({\rm{\Omega }})\ge \frac{1}{p}[t{C}_{re}({{\rm{\Gamma }}}_{1})-\mathrm{(1}-p){C}_{re}({\rm{\Psi }})-{h}_{2}(p)].$$\end{document}$$Through the following setting like in ref. [@CR29], we can obtain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{{\rm{\Gamma }}}_{1}\rangle =|{\rm{\Phi }}\rangle $$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \sqrt{\frac{p}{t}}\,\cos \,\theta {e}^{i{\omega }_{1}}=1,$$\end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta \sqrt{\frac{p}{t}}\,\cos \,\theta {e}^{i{\omega }_{1}}+\sqrt{\frac{1-p}{t}}\,\sin \,\theta {e}^{i{\omega }_{2}}=0.$$\end{document}$$The parameters *α* and *β* satisfying Eqs ([46](#Equ47){ref-type=""}) and ([47](#Equ48){ref-type=""}) are as follows$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha =\sqrt{\frac{t}{p}}\frac{{e}^{-i{\omega }_{1}}}{\cos \,\theta },\,and\,\beta =-\sqrt{\frac{1-p}{p}}\frac{\sin \,\theta {e}^{i{\omega }_{2}}}{\cos \,\theta {e}^{i{\omega }_{1}}}\mathrm{.}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${|\alpha |}^{2}=\frac{t}{p\,{\cos }^{2}\,\theta }\,and\,{|\beta |}^{2}=\frac{\mathrm{(1}-p)\,{\sin }^{2}\,\theta }{p\,{\cos }^{2}\,\theta }=\frac{{|\alpha |}^{2}\mathrm{(1}-p)\,{\sin }^{2}\,\theta }{t}.$$\end{document}$$We can obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t=\frac{p\mathrm{(1}-p){|\alpha |}^{2}}{1-p{|\alpha |}^{2}}\mathrm{.}$$\end{document}$$Substitute Eq. ([50](#Equ51){ref-type=""}) into Eq. ([45](#Equ46){ref-type=""}), then the results in Theorem 2 can be proved$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${C}_{re}({\rm{\Omega }})\ge \frac{\mathrm{(1}-p){|\alpha |}^{2}}{1-p{|\alpha |}^{2}}{C}_{re}({\rm{\Phi }})-\frac{1-p}{p}{C}_{re}({\rm{\Psi }})-\frac{1}{p}{h}_{2}(p),$$\end{document}$$with 0 \< *p* \< 1. As such, the another lower bound can be obtained by exchanging \|Φ〉 and \|Ψ〉.□

Proof of the Theorem 3 {#Sec11}
----------------------

Given two *n* dimensional states $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\rm{\Phi }}\rangle ={\sum }_{i}^{n}\,{a}_{i}|i\rangle $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\rm{\Psi }}\rangle ={\sum }_{i}^{n}\,{b}_{i}|i\rangle $$\end{document}$, where *a* ~*i*~, *b* ~*i*~ are complex numbers and satisfied $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum \,{|{a}_{i}|}^{2}=\sum \,{|{b}_{i}|}^{2}=1$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\rm{\Omega }}\rangle =\alpha |{\rm{\Phi }}\rangle +\beta |{\rm{\Psi }}\rangle $$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert {\rm{\Omega }}\Vert =1$$\end{document}$.Firstly, we prove the first upper bound in Eq. ([14](#Equ15){ref-type=""}). From the definition of *l* ~1~ norm of coherence Eq. ([12](#Equ13){ref-type=""}). We have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{rcl}{C}_{{l}_{1}}({\rm{\Phi }}) & = & \sum _{i\ne j}\,|{a}_{i}{a}_{j}|,\\ {C}_{{l}_{1}}({\rm{\Psi }}) & = & \sum _{i\ne j}\,|{b}_{i}{b}_{j}|.\end{array}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{rcl}{C}_{{l}_{1}}({\rm{\Omega }}) & = & \sum _{i\ne j}\,|(\alpha {a}_{i}+\beta {b}_{i})(\alpha {a}_{j}+\beta {b}_{j})|\\  & \le  & \sum _{i\ne j}\,({|\alpha |}^{2}|{a}_{i}{a}_{j}|+{|\beta |}^{2}|{b}_{i}{b}_{j}|+2|\alpha \beta ||{a}_{i}{b}_{j}|)\\  & = & {|\alpha |}^{2}\sum _{i\ne j}\,|{a}_{i}{a}_{j}|+{|\beta |}^{2}\sum _{i\ne j}\,|{b}_{i}{b}_{j}|+2|\alpha \beta |\sum _{i\ne j}\,|{a}_{i}{b}_{j}|\\  & = & {|\alpha |}^{2}{C}_{{l}_{1}}({\rm{\Phi }})+{|\beta |}^{2}{C}_{{l}_{1}}({\rm{\Psi }})+|\alpha \beta |\sum _{i\ne j}\,2|{a}_{i}{b}_{j}|,\end{array}$$\end{document}$$where the first inequality is due to absolute value inequality. Successive application of the mean inequality, we will get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2\sum _{i\ne j}\,|{a}_{i}{b}_{j}|\le (n-\mathrm{1)}(\sum _{i}\,{|{a}_{i}|}^{2}+\sum _{j}\,{|{b}_{j}|}^{2})\le \mathrm{2(}n-\mathrm{1),}$$\end{document}$$which is the first line in Eq. ([14](#Equ14){ref-type=""}).Now, we prove the other upper bound in Eq. ([14](#Equ15){ref-type=""}). From the definition of *l* ~1~ norm of coherence Eq. ([13](#Equ14){ref-type=""}), we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{rcl}{C}_{{l}_{1}}({\rm{\Phi }}) & = & {(\sum _{i}|{a}_{i}|)}^{2}-1,\\ {C}_{{l}_{1}}({\rm{\Psi }}) & = & {(\sum _{i}|{b}_{i}|)}^{2}-1.\end{array}$$\end{document}$$Hence, we can obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{rcl}{C}_{{l}_{1}}({\rm{\Omega }}) & = & {(\sum _{i}|\alpha {a}_{i}+\beta {b}_{i}|)}^{2}-1\\  & \le  & {(\sum _{i}|\alpha {a}_{i}|+\sum _{i}|\beta {b}_{i}|)}^{2}-1\\  & = & {|\alpha |}^{2}{(\sum _{i}|{a}_{i}|)}^{2}+{|\beta |}^{2}{(\sum _{i}|{b}_{i}|)}^{2}+2|\alpha \beta ||(\sum _{i}\,|{a}_{i}|)(\sum _{i}\,|{b}_{i}|)|-1\\  & = & {|\alpha |}^{2}{C}_{{l}_{1}}({\rm{\Phi }})+{|\beta |}^{2}{C}_{{l}_{1}}({\rm{\Psi }})+2|\alpha \beta ||(\sum _{i}\,|{a}_{i}|)(\sum _{i}\,|{b}_{i}|)|.\end{array}$$\end{document}$$where the first inequality is due to absolute value inequality. Further, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|(\sum _{i}\,|{a}_{i}|)(\sum _{i}\,|{b}_{i}|)|=\sqrt{{(\sum _{i}|{a}_{i}|)}^{2}{(\sum _{i}|{b}_{i}|)}^{2}}=\sqrt{({C}_{{l}_{1}}({\rm{\Phi }})+1)({C}_{{l}_{1}}({\rm{\Psi }})+1)}.$$\end{document}$$The upper bound can be gained by substituting Eq. ([57](#Equ58){ref-type=""}) into Eq. ([56](#Equ57){ref-type=""}).□

Proof of the Theorem 4 {#Sec12}
----------------------

Given two *n* dimensional states $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\rm{\Phi }}\rangle ={\sum }_{i=1}^{n}\,{a}_{i}|i\rangle $$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\rm{\Psi }}\rangle ={\sum }_{i=1}^{n}\,{b}_{i}|i\rangle $$\end{document}$, where *a* ~*i*~, *b* ~*i*~, are complex numbers and satisfy $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum \,{|{a}_{i}|}^{2}=\sum \,{|{b}_{i}|}^{2}=1$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\rm{\Omega }}\rangle =\alpha |{\rm{\Phi }}\rangle +\beta |{\rm{\Psi }}\rangle $$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert {\rm{\Omega }}\Vert =1$$\end{document}$.From the definition of *l* ~1~ norm of coherence Eq. ([12](#Equ13){ref-type=""}), we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{rcl}{C}_{{l}_{1}}({\rm{\Phi }}) & = & \sum _{i\ne j}\,|{a}_{i}{a}_{j}|,\\ {C}_{{l}_{1}}({\rm{\Psi }}) & = & \sum _{i\ne j}\,|{b}_{i}{b}_{j}|.\end{array}$$\end{document}$$Thus, it has$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{rcl}{C}_{{l}_{1}}({\rm{\Omega }}) & = & \sum _{i\ne j}\,|\alpha {a}_{i}+\beta {b}_{i}||\alpha {a}_{j}+\beta {b}_{j}|\\  & \ge  & \sum _{i\ne j}\,(|\alpha {a}_{i}|-|\beta {b}_{i}|)(|\alpha {a}_{j}|-|\beta {b}_{j}|)\\  & = & \sum _{i\ne j}\,({|\alpha |}^{2}|{a}_{i}{a}_{j}|+{|\beta |}^{2}|{b}_{i}{b}_{j}|-2|\alpha \beta ||{a}_{i}{b}_{j}|)\\  & = & {|\alpha |}^{2}{C}_{{l}_{1}}({\rm{\Phi }})+{|\beta |}^{2}{C}_{{l}_{1}}({\rm{\Psi }})-|\alpha \beta |\sum _{i\ne j}\,2|{a}_{i}{b}_{j}|,\end{array}$$\end{document}$$where the first inequality is due to absolute value inequality. Further, we find$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-2\sum _{i\ne j}\,|{a}_{i}{b}_{j}|\ge -(n-\mathrm{1)}(\sum _{i}\,{|{a}_{i}|}^{2}+\sum _{j}\,{|{b}_{j}|}^{2})\ge -\mathrm{2(}n-1).$$\end{document}$$Therefore, the first lower bound in Theorem 4 can be obtainedFrom the definition of *l* ~1~ norm of coherence Eq. ([13](#Equ14){ref-type=""}), we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{rcl}{C}_{{l}_{1}}({\rm{\Phi }}) & = & {(\sum _{i}|{a}_{i}|)}^{2}-1,\\ {C}_{{l}_{1}}({\rm{\Psi }}) & = & {(\sum _{i}|{b}_{i}|)}^{2}-1.\end{array}$$\end{document}$$Hence, we can obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{rcl}{C}_{{l}_{1}}({\rm{\Omega }}) & = & {(\sum _{i}|\alpha {a}_{i}+\beta {b}_{i}|)}^{2}-1\\  & \ge  & {(\sum _{i}|\alpha {a}_{i}|-\sum _{i}|\beta {b}_{i}|)}^{2}-1\\  & = & {|\alpha |}^{2}{(\sum _{i}|{a}_{i}|)}^{2}+{|\beta |}^{2}{(\sum _{i}|{b}_{i}|)}^{2}-2|\alpha \beta ||(\sum _{i}\,|{a}_{i}|)(\sum _{i}\,|{b}_{i}|)|-1\\  & = & {|\alpha |}^{2}{C}_{{l}_{1}}({\rm{\Phi }})+{|\beta |}^{2}{C}_{{l}_{1}}({\rm{\Psi }})-2|\alpha \beta |(\sum _{i}\,|{a}_{i}|)(\sum _{i}\,|{b}_{i}|).\end{array}$$\end{document}$$The second lower bound in Eq. ([14](#Equ15){ref-type=""}) can be obtained by substituting the following Eq. into Eq. ([62](#Equ63){ref-type=""})$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\sum _{i}\,|{a}_{i}|)(\sum _{i}\,|{b}_{i}|)=\sqrt{{(\sum _{i}|{a}_{i}|)}^{2}{(\sum _{i}|{b}_{i}|)}^{2}}=\sqrt{({C}_{{l}_{1}}({\rm{\Phi }})+1)({C}_{{l}_{1}}({\rm{\Psi }})+1)}\mathrm{.}$$\end{document}$$

Proof of the Corollary 1 {#Sec13}
------------------------
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Since the second upper bound Eq. ([14](#Equ15){ref-type=""}) presented in Theorem 3 also works for this case, we can get the upper bound for the coherence of superposition of two states from two orthogonal subspaces as shown in Eq. ([21](#Equ22){ref-type=""}).

In the following we give the lower bound for the coherence of superposition of two states from two orthogonal subspaces$$\documentclass[12pt]{minimal}
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